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In this paper we show that over a commutative valuation ring V, a semiheredi-
 .tary V-order H in a finite-dimensional simple Artinian ring is a finite intersection
 .of Bezout maximal V-orders iff either H is Bezout or H is contained in a BezoutÂ Â Â
 .V-order and J V is a principal ideal of V. Q 1997 Academic Press
INTRODUCTION
w xIn this paper we continue the investigations begun in K . We shall thus
extensively use the previous notation and results. As before, V will denote
a commutative valuation ring of arbitrary Krull-dimension, F its field of
fractions, and Q a central simple F-algebra. We restrict our attention to
semihereditary V-orders inside Bezout V-orders. This is a large class ofÂ
V-orders which includes all the finitely generated semihereditary V-orders
w  .xby M , Proposition 2.3 a . In the event the Bezout V-order is an integralÂ2
Dubrovin valuation ring of Q, it is shown that semihereditary V-orders are
precisely the extremal V-orders. This is not true in general, as was seen in
w xK .
The last section gives necessary and sufficient conditions for such a
semihereditary V-order to be the intersection of Bezout V-orders. ThereÂ
wexist semihereditary maximal V-orders that are not Bezout see M ,Â 2
xTheorem 4.7 and hence if we are to show that a semihereditary V-order is
an intersection of Bezout V-orders, we have to start inside a BezoutÂ Â
V-order, hence the justification for our approach. We prove that such an
order is an intersection of Bezout V-orders if and only if it is Bezout orÂ Â
 .  .J V is a principal ideal of V. When J V is not principal, then there is
only one Bezout V-order containing the semihereditary V-order. When theÂ
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Bezout is an integral Dubrovin valuation ring, we give an explicit descrip-Â
 .tion of all the integral Dubrovin valuation rings that contain our semi-
hereditary V-order.
 .In the classical case i.e., when V is a DVR , any maximal V-order is an
w xintegral Dubrovin valuation ring W, Example 1.15 and hence a BezoutÂ
 .V-order with J V principal. Thus our results are a generalization of the
w xresults in R, Ha .
Many of the statements in this paper will be proved by induction on
w xQ : F , the vector space dimension of Q over F. There are three general
steps:
 .a We show that the statement is true when V is a Henselian ring,
w xusing the results proved in K, Sect. 2 .
 .b We then extend the statement to the case where the Bezout is anÂ
w xintegral Dubrovin valuation ring, by using the theory of K, Sect. 3 .
 .c When the Bezout V-order is not a valuation ring, then we reduceÂ
the problem to the case where the central simple algebra has a strictly
lower dimension than the one we started with and proceed with the
induction.
1. PRELIMINARIES
Unless stated otherwise, H will denote an extremal V-order of Q
contained in a Bezout V-order B . The following is a brief background toÂ 0
 w x.the theory of Bezout V-orders for more details, see G , G , M , M .Â 1 2 1 2
Let R , . . . , R be Dubrovin valuation rings and set R s F R . Follow-1 t i i
w x  .ing G we say R , . . . , R have the intersection property IP if there is a2 1 t
well defined inclusion reversing correspondence between the Dubrovin
valuation rings of Q containing R and the prime ideals of R given by
 . w xA ª J A l R. By G , Theorem 6.11 , there exist Dubrovin valuation2
rings R , . . . , R all with center V, satisfying the IP such that R is integral1 h
w xover V. In this case R is unique up to conjugacy G , Theorem 6.12 and h2
is called the extension number of V to Q since it depends only on V and Q.
Thus h s 1 if and only if R is an integral Dubrovin valuation ring
w xextending V. By M , Theorem 3.4 , a V-order B is a Bezout V-orderÂ2
precisely when B is an intersection of Dubrovin valuation rings neces-
.sarily extending V satisfying the IP. Such an order is always a maximal
w x  w x.V-order, by G , Theorem 3.7 see also M , Theorem 3.4 . Thus in this1 2
paper, we shall write B s R l ??? l R where h is the extension number0 1 h
of V to Q and the R have the IP. This discussion has shown that BezoutÂi
V-orders always exist in central simple algebras, a result due to J. Grater.È
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When the extension number h is greater than 1 then by the induction
w xstep of G , Corollaries 5.3, 5.7, and 6.6 , there exists an integral Dubrovin2
valuation ring T of Q, with center W p V such that T = R for all i andi
. w  .x w xhence T = R and T : Z T - Q : F .
 .This is very critical for the induction step described in part c of the
Introduction. In order to carry out the induction, we employ a useful result
w xby Morandi M , Lemma 4.11 : Let R be an order in a central simple algebra2
 .  .Q and T s RW where W is an o¨erring of V s Z R in F. If J T : R and R
 .is semihereditary then RrJ T is semihereditary. If , in addition T is BezoutÂ
 .then R is semihereditary if and only if RrJ T is semihereditary.
In this section, we will prove that the hypothesis of this lemma is
satisfied when B is not a Dubrovin valuation ring. In the following0
lemmas, we will assume that B is not a Dubrovin valuation ring. Hence0
there exists an integral Dubrovin valuation ring T = B with center W p V.0
w  .xNote that T s B W by M , Theorem 3.4 iv . Since T = R , we have0 2 i
 .  . w x  .J T : J R for all i. But by the proof of M , Lemma 3.2 , J B si 1 0
 .  .  .  .  .F J R . Hence J T : J B and since H : B is extremal, J B : J Hi i 0 0 0
Äw x  .  .  .by K, Proposition 1.4 . Hence J T : J H . We set B s B rJ T and0 0
Ä  .H s HrJ T , both contained in the simple Artinian ring T. We can also
 .form HrJ B .0
w xFollowing R, Chap. 9 , we denote by
 4n , . . . , n1 rA ??? A .  .11 1 r
. . .. . .. . . 0A ??? A .  .r1 r r
the set of all
A ??? A11 1 r
. . .. . . ,. . . 0A ??? Ar1 r r
where A is an n = n matrix with entries in A .i j i j i j
Ä Ä Ä Ä Ä .  .  .LEMMA 1.1. The ring H is a V-order in T , Z H s Z B , and Z H is a0
 .semi-local Prufer ring of Z T .È
Proof. We have
T = HW = J B W s J B ? B ? W s J B T .  .  .0 0 0 0
w  .x  .since B W is a maximal W-order by M , Theorem 3.4 iv . But J B =0 2 0
 .  .  .  .  .  .J V . Since J V p J W , J V l U W / B and hence J B T s T and0
Ätherefore HW s T. This shows that H is an order in T.
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w xBy the proof of M , Lemma 3.2 , B ( R [ ??? [ R . Further, each R1 0 1 h i
 .is a simple Artinian ring. Since HrJ B is an extremal subring of B ,0 0
 .HrJ B ( H [ ??? [ H , where each H is an extremal subring of R , by0 1 h i i
w x  .the proof of HMW, Proposition 2 . So if R ( M V , where V is thei l i i
w xunderlying division algebra of R then by R, 39.6, 39.7, and 39.10 we havei
 4n , . . . , n1 r
V 0 0 ??? 0 .  .  .  .i
V V 0 ??? 0 .  .  .  .i iH (i
??? ??? ??? ??? ??? 0
V V V ??? V .  .  .  .i i i i
 .  .with n q ??? qn s l. Clearly, Z H s Z R for every i and hence1 r i i
  ..   ..  .Z HrJ B s Z B rJ B . Now let x g B with ax y xa g J T for all0 0 0 0
 .  .  .a g B . Then ax y xa g J B for every a g B since J T : J B . Hence0 0 0 0
 .there exists an h g H such that h y x g J B : H, by the observation0
Ä Ä Ä .  .above. Hence x g H. This shows that Z B : Z H . But H is an order0
Ä Ä Ä .  .in T contained in B . Hence Z H s Z B .0 0
Ä Ä Ä Ä .  .Since B is an order in T contained in R , Z B : Z R for every i.0 i 0 i
Ä Ä Ä Ä .  .But B s F R . Hence Z B s F Z R . Since R are Dubrovin valua-0 i i 0 i i i
Ä  .4tion rings extending V, the elements of Z R are pairwise either identi-i
Ä  ..cal or incomparable valuation rings of T and hence m-spec Z H s
Ä Ä   ..  .4 w xJ Z R l Z H by E, Theorem 11.12 , a finite set. Note that for i / j,i
Ä Ä .  .we can have Z R s Z R .i j
The following lemma will ensure we stay within the hypotheses in the
proofs that lie ahead.
 .LEMMA 1.2. a Let B be a Dubro¨in ¨aluation ring extending V. Then
 .  .2  .  .J B is principal if and only if J B / J B , if and only if J V is principal.
 .b Let B be an integral Dubro¨in ¨aluation ring extending V. Then
 .  .J B is principal if and only if J B is principal.h
Ä .  .c Let B m T be Dubro¨in ¨aluation rings in Q. Let B s BrJ T .
Ä .  .Then J B is principal if and only if J B is principal.
Proof.
 . w  . xa See D , Theorem 1 2 ; D , Lemma 7.8 .2 1
 .b The ring B is an integral Dubrovin if and only if B is ah
w x  .  .Dubrovin by W, Theorem F . Since J B s J B m V , the result fol-h V h
 .lows from part a .
Ä .  .c We know B is a valuation ring of T. Suppose Z T s W. Since
 .  .  .2  .  .  .  .  .  .J B = J T , J B = J B J T = J V J T s J T because J V l
2 Ä 2 Ä .  .  .  .  .U W / B. Hence J B s J B if and only if J B s J B . The result
 .now follows from part a .
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In summary, we have thus proved the following proposition:
PROPOSITION 1.3. Let H be an extremal V-order sitting inside a BezoutÂ
V-order B . If B is not an integral Dubro¨in ¨aluation ring, then there exists0 0
an integral Dubro¨in ¨aluation ring T of Q with center W p V such that:
 .1 T p B0
 .  .  .  .2 J T : J B : J H0
Ä Ä .  .  .3 WH s WB s T , and so both H s HrJ T , B s B rJ T are0 0 0
ÄV-orders in T
Ä .4 H is semihereditary if and only if H is semihereditary
Ä Ä .  .  .5 Z H s Z B is a semi-local Prufer ringÈ0
Ä .  .   . .6 J V is principal if and only if J Z H is principal for e¨eryM
Ä  ..M g m-spec Z H .
 . w  .x w x7 T : Z T - Q : F .
LEMMA 1.4. Let V , . . . , V be pairwise incomparable ¨aluation rings of F1 k
 .and set U s V l ??? l V . Suppose R is a U-order in Q. If J V is principal1 k j
 .for some j and L is a right resp. left ideal of R [ RV s Rj j J V .lUj
 .  .containing J V , then L is a finitely generated right resp. left ideal of Rj j
 .and L s L l R is a finitely generated right resp. left ideal of R satisfying
LV s L .j
w  .  .x w  .Proof. Since R rJ V R : V rJ V - `, we must have LrJ V R :j j j j j j j
 .xV rJ V - ` and therefore there exists a , . . . , a g L such that L s a Vj j 1 l 1 j
 .  .q ??? qa V q J V R . But J V s p V for some p g V . So L s a Rl j j j j j j j j 1 j
q ??? a R q p R , a finitely generated right ideal. Clearly, we may choosel j j j
w x  .  .a , . . . , a g R. By E, Theorem 11.12 , m s J V l U g m-spec U and1 l j
<  . <m-spec U - `. So by the Chinese Remainder Theorem, there exists an
X X  .s g m such that s f m for all m / m g m-spec U . We can also find
p X g U and r g U _ m such that p s p Xrr. Let L s a R q ??? a R qj 1 l
X X X Xp R q sR : L l R. Then L s L and for m / m, L s R s L lm m m
. XR . Hence L l R s L, a finitely generated right ideal of R. An analo-m
gous argument holds for left ideals.
 .  .2  .  .2LEMMA 1.5. Let R be a V-order in Q. Then J R rJ R ( J R rJ Rh h
as R-modules.
w xProof. By K, Lemma 3.1 , we have
2R J R q J R m V .  . .h V h
2s R q J R m V J R q J R m V .  .  . .  .V h V h
2: J R q J R m V .  .V h
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 .  .  .  .   . .2since J R : J R m V s J R m V . So J R q J R m V is anV h V h V h
ideal of R , and henceh
2J R m V s J R m V = J R q J R m V .  .  .  .V h V h V h
2s R J R q J R m V .  . .h V h
= R m V J R s J R m V . .  .  .V h V h
 .  .  .2So J R m V s J R q J R m V .V h V h
 .2  .2  .Now we wish to show that J R m V l Q s J R . Since J R m VV h V h
 .  .2  .2  .2  .2= J R , J R m V l Q = J R . Let L s J R m V l Q = J R .V h V h
Then
2 2 2J R m V : L m V s L ? V : J R m V s J R m V . .  .  .V h V h h V h V h
 .2  .2  .2Hence J R m V s L m V and so J R s L s J R m V l QV h V h V h
since V is a faithfully flat V-module.h
 .  .  .2Since J R m V s J R q J R m V ,V h V h
2 2J R m V rJ R m V ( J R r J R l J R m V s .  .  .  .  . .V h V h V h
2 2J R r J R l Q l J R m V s J R r J R l J R .  .  .  .  .  . . .V h
2s J R rJ R .  .
as right R-modules.
2. SEMIHEREDITARY V-ORDERS INSIDE INTEGRAL
DUBROVIN VALUATION RINGS
In this section, we will assume that B is an integral Dubrovin valuation0
 .ring of Q ( M D , D an F-central division algebra. We begin with then
w xfollowing proposition which is a partial converse of K, Theorem 1.5 and is
w xutilized in K, Proposition 1.8 .
PROPOSITION 2.1. Let H be a V-order extremal in B . Then H is semi-0
hereditary.
Proof. We will first prove the proposition when V is Henselian. If
 .Q ( M D , and D is the invariant valuation ring of D extending V thenn
w x  .by W, Theorem A , B ( M D . So without restriction, we will assume0 n
 .that B s M D .0 n
Ä . w x  .We have H = J B , by K, Proposition 1.4 . So H s HrJ B is an0 0
 .extremal subring of B s M D . Hence, up to conjugacy, we have positive0 n
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integers n , n , . . . , n such that n q n q ??? qn s n and1 2 r 1 2 r
 4n , . . . , n1 r
D 0 0 ??? 0 .  .  .  .
D D 0 ??? 0 .  .  .  .ÄH s HrJ B s .0
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
w x  .   ..by R, 39.6, 39.7, and 39.10 . Since B = H = J B s M J D , we have0 0 n
 4n , . . . , n1 r
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  .H ( .
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
w xSo H is semihereditary, by K, Theorem 2.4 .
 .In general when V is not necessarily Henselian, B s B m V is a0 h 0 V h
w x  w x.Dubrovin valuation ring, by W, Theorem F see also K, Proposition 3.9 .
w x  .  .By K, Proposition 1.4 , H = J B and therefore H = J B m V s0 h 0 V h
 . . w xJ B by K, Lemma 3.1 . Therefore we have0 h
B rJ B ( B rJ B .  .  . .0 0 0 0h h
< <D D
HrJ B ( H rJ B . .  . .0 h 0 h
 .  .  . .Since HrJ B is an extremal subring of B rJ B , H rJ B is also an0 0 0 h 0 h
 .  . .  .extremal subring of B rJ B . So H is extremal in B , and hence0 h 0 h h 0 h
wsemihereditary by the discussion above. So H is semihereditary, by K,
xProposition 3.3 .
So inside integral Dubrovin valuation rings, semihereditary V-orders are
precisely the extremal ones. This is a generalization of the classical case
 w x.see R, Chap. 9; Ja since when V is a DVR and H is an extremal
V-order, any maximal V-order containing H is an integral Dubrovin
w xvaluation ring W, Example 1.15 . The author believes extremal V-orders
inside Bezout V-orders are semihereditary. It also seems likely that ex-Â
tremal V-orders inside arbitrary semihereditary V-orders are semiheredi-
tary as well.
Let B be an integral Dubrovin valuation ring extending V. Let B be itsh
w x  .Henselization. We know from W, Theorem A that B ( M D , where Dh N
is the invariant valuation ring of the underlying division algebra of Qh
 .e1  .extending V. Let e be the least positive integer such that J B s J V B,1
 .e2  .e be the least positive integer such that J B s J V B , and e be the2 h h h 3
 .e3  . least positive integer such that J D s J V D e , e , and e exist byh 1 2 3
w  .x.D , Theorem 1 6 .2
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PROPOSITION 2.2. Then e s e s e .1 2 3
w x  .  .Proof. By K, Lemma 3.1 , J B s J B m V . Hence e G e . There-h V h 1 2
 .e1  .e2  .e1  .  .e2  .e2fore J B : J B . But J B m V s J V B s J B s J B mV h h h h V
 .e2  .e1  .V . Since m V is faithfully flat, J B s J B s J V B and henceh V h
e G e and so we have equality.2 1
 .  .  .Since J B s J D B , we immediately have e G e . But J B sh h 3 2 h
  ..  .e2   .e2 .  .e2  .M J D . Hence J B s M J D . But J B s J V B sN h N h h h
 .  .   . .  .e2  .J V M D s M J V D . Hence J D s J V D and thus e G e andh N N h h 2 3
therefore we have equality as well.
When V is a DVR, then e s e is the ramification index of D over F.3
 .For the rest of the section, we will always assume J V is a principal
ideal of V and B is an integral Dubrovin valuation ring in a central0
simple algebra Q extending V. Under this assumption, we will show that a
semihereditary V-order H inside B is an intersection of finitely many0
 .necessarily integral Dubrovin valuation rings extending V. We wish to
w xrecover most of the results in R, Chap. 9 . Whenever possible, we will use
w xthe techniques of R . However, we are severely restricted by the assump-
tion that V is not necessarily a DVR.
Until further notice, we will assume that V is Henselian. Hence V can
be extended to an invariant valuation ring D of D. By Lemma 1.2, both
 .  .  .J D and J B are principal. Let J D s p D s Dp .0 D D
THEOREM 2.3. Let H be a semihereditary V-order inside B . Then there0
 .exist integers n , . . . , n , with sum n, and there is an identification Q s M D1 r n
and a minimal semihereditary V-order H inside H such that:0
 .  .1 J H s rH s H r, a principal ideal.0 0 0
 .  .n  . 2 n is the least positi¨ e integer such that J H : J B equi¨ -0 0
n  .. Xalently, r g J B . Con¨ersely, if H is any semihereditary V-order inside H0 0
 X .n  . Xsuch that n is the least positi¨ e integer satisfying J H : J B , then H is0 0 0
minimal.
 . t yt3 B s r B r , 0 F t - n, are all the distinct Dubro¨in ¨aluationt 0
o¨errings of H extending V and B s B for all i G 0.0 i iqn
M D M J D .  . .t t=nyt .
 .4 B st y1 0M J D M D .  . .nyt .= t nyt
D J D .  . .
s t, nyt4y1 /J D D .  . .
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 . ny15 H s F B0 ts0 t
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  . .6 H s n , . . . , n 41 r
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
s B l B l B l ??? l B0 n n qn n qn q? ? ?qn1 1 2 1 2 ry1
and B , . . . , B are all the maximal V-orders containing H.0 n qn q? ? ?qn1 2 ry1
 .  .  .n  . r e  .7 J B s J H B , J H s J V H where e is the least positi¨ e0 0 0
 .e  .integer such that J B s J V B .0 0
 . ny18 There are 2 semihereditary V-orders inside B containing H .0 0
ÄThis corresponds to the number of ``chain rings'' in B that contain H .0 0
 .All this does not depend on the choice r of the generator of J H .0
w x  .Proof. By W, Theorem A , we can assume that B s M D . Let0 n
D 0 ??? 0
. . . .. . . .M s .. . . . 0
D 0 ??? 0
 .  .Then M is a B -D-bisubmodule and O M s B . So O M s B s0 l 0 l 0
 .  .  .   ..  .M D ( End M , J B s M J D , and B s M D . Let M sn D 0 n 0 n
n. .  . w xMrMJ D s MrJ B M ( D . By K, Theorem 1.5 , H is extremal and0
Ä .  .  .  .J H = J B . Hence H s HrJ B is an extremal subring of B s M D0 0 0 n
Ä Ä .  .  .  .  . w( End M . Let J s J H , J s J H s J H rJ B . By R, LemmaD 0
Äx39.10 , H is a chain ring in B corresponding to the chain0
rÄ ÄM ) J M ) ??? ) J M s 0,
that is,
i iÄ Ä ÄH s a g M D a J M : J M , 0 F i F r . . 5n
iy1 iÄ Ä . w x Let n s dim J MrJ M . Then by R, Theorem 39.7 up to a possiblei D
.change of basis ,
 4n , . . . , n1 r
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  .ÄH s .
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
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 .  .   ..But M D s B = H = J B s M J D . Son 0 0 n
 4n , . . . , n1 r
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  .H s
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
D J D J D ??? J D .  .  .
D D J D ??? J D .  .= [ H .0
??? ??? ??? ??? ??? 0
D D D ??? D
w xAgain by R, Theorem 39.7 ,
 4n , . . . , n1 rJ D J D J D ??? J D .  .  .  . .  .  .  .
D J D J D ??? J D .  .  .  . .  .  .J H s .
??? ??? ??? ??? ??? 0
D D D ??? J D .  .  .  . .
 . r  .and r is the least positive integer such that J H : J B and n is the0
 .n  .least positive integer such that J H : J B . Clearly, r s n if and only0 0
if H s H .0
wH is a minimal semihereditary V-order in H: it is semihereditary by K,0
x XTheorem 2.4 and if H is a semihereditary V-order contained in H then0 0
X X X ÄXw x  .  .by K, Theorem 1.5 , J H = J B and H is extremal. Hence H is a0 0 0 0
Ächain ring in B . But H is the least chain ring in B , since all its0 0 0
Ä ÄX w x.invariants are equal to 1 see R, Chap. 9 . Hence H s H and so0 0
H s H X .0 0
We know that
J D J D J D ??? J D .  .  .  .
D J D J D ??? J D .  .  .
J H s . .0
??? ??? ??? ??? ??? 0
D D D ??? J D .
Let
0 0 0 ??? 0 pD
1 0 0 ??? 0 0
r s .0 1 0 ??? 0 0
??? ??? ??? ??? ??? ??? 0
0 0 0 ??? 1 0
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 .  . wThen J H s rH s H r, a principal ideal. So J H M s rM. By R,0 0 0 0
i iÄx  < 4 39.7, 39.10 , H s x g B x ? r M : r M, 0 F i - n . So H s x g0 0 0
< i i 4  . B xr M : r M, 0 F i - n . Since O M s B , we have H s x g0 l 0 0
< i i 4 ny1  i .Q xr M : r M, 0 F i - n s F O r M .is0 l
t yt t  . yt  t .For 0 F t - n, let B s r B r s r O M r s O r M , a Dubrovint 0 l l
  . t .valuation ring containing H . Clearly, B s O J H M , and hence does0 t l 0
 .not depend on the choice of the generator of J H .0
Suppose B s B , 0 F t - s - n. Then r tB ryt s r sB rys and hencet s 0 0
r sy tB r tys s B . But s y t - n and n is the least positive integer such0 0
n  . sy t  .   ..  . wthat r g J B . Therefore r g st B l B _ J B s U B by W,0 0 0 0 0
x   .  U < y1 4Theorem 3.2 here, st B s t g Q tB t s B , the stabilizer of B in0 0 0 0
.  . n  .Q . Hence r g U B and r g J B , a contradiction. So for 0 F t - n,0 0
the B 's are all distinct.t
We now want to show that these are all the maximal V-orders containing
H . To begin with, it is easily seen by induction on t that0
M D M J D .  . .t t=nyt .
B s .t y1 0M J D M D .  . .nyt .= t nyt
Now let B be a maximal V-order containing H . Since H contains all0 0
the standard idempotents, so does B and hence B is of S H type see
w x.  .remark after K, Theorem 2.4 and we can write B s D in accordancei j
w xwith K, Definition 2.1 .
Since D D : D, either D : D or D : D. Fix j ) i. Since B = H ,i j ji i j ji 0
 .D = D and hence D : D and so necessarily we have J D : D : D andji i j i j
 .hence D s J D or D s D. In either case, D is a cyclic D-module andi j i j i j
y1 w xsince B is maximal, D s D is also cyclic, by K, Theorem 2.6 . Hence Bji i j
w xis a Dubrovin valuation ring by K, Theorem 2.10 .
 . X XWe note that D ? D s D. Suppose D s J D . Let j ) j. Then D si j ji i j i j
 .  . XX X X XD ? D ? D s D ? D ? D : D ? D . But for j ) j, D : D. Hencei j i j ji ji i j i j j j i j j j
 .  . X  .X XD ? D : J D and therefore D s J D for all j ) j assuming D s J Dj j i j i j i j
and j ) i.
 . X X XAssume j ) i, D s J D , and i - i. Then similarly, D s D ?i j i j i j
 .  .  .  .X X XD ? D s D ? D ? D : D ? D : J D and hence D s J D . Sincei j ji i j ji i j i i i j i j
D s Dy1 for all l, k, we have shown thatlk k l
 4m , . . . , m1 k
D J D ??? ??? ??? ??? J D .  .  . .  .
y1J D D J D ??? ??? ??? J D .  .  .  . .  . .
y1 y1B s ,J D J D D J D ??? ??? J D .  .  .  .  . .  . .  .
??? ??? ??? ??? ??? ??? ??? 0y1 y1J D ??? ??? ??? ??? J D D .  .  . .  .
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with m q ??? qm s n. Suppose k ) 2. Then we have D ?1 k 1, m qm q11 2
 .  .y1D : D s J D . But D s J D . Som qm q1, m qm 1, m qm m qm q1, m qm1 2 1 2 1 2 1 2 1 2
D ? D = D, a contradiction. So k F 2. If k s 11, m qm q1 m qm q1, m qm1 2 1 2 1 2
then B s B , else B s B where 0 - m - n.0 m 11
Since rB ry1 s B , B s B for all i G 0.ny1 0 i iqn
 4Given positive integers n , n , . . . , n with sum n, let1 2 r
 4n , . . . , n1 r
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  .H sn , n , . . . , n1 2 r ??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
and set H s B . We will now prove by induction on r thatn 0
H s B l B l B l ??? l B .n , n , . . . , n 0 n n qn n q? ? ?qn1 2 r 1 1 2 1 ry1
If r s 1, then H s H s B and we are done. If r ) 1 then byn , n , . . . , n n 01 2 r
the induction hypothesis,
H s B l B l ??? l B ,n , . . . , n , n qn 0 n n q? ? ?qn1 ry2 ry1 r 1 1 ry2
and therefore
Hn , n , . . . , n1 2 r
 4n , . . . , n1 ry1
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  . M J D . .nyn .=nr r??? ??? ??? ??? ???s  0
D D D ??? D .  .  .  . 0
M D M D .  .n =nyn . nr r r
s B l H s B l B l B l ??? l B s Bnyn n , . . . , n , n qn nyn 0 n n q? ? ?qn 0r 1 ry2 ry1 r r 1 1 ry2
l B l ??? l B l B .n n q? ? ?qn n q? ? ?qn1 1 ry2 1 ry1
Since r n s p I where I is the identity matrix in Q, it follows thatD n n
 .n  .J H B s J B .0 0 0
 .  .eLet J V s p V and let e be the least integer such that J B s0
 .  .e r  .p J B . By Proposition 2.2, J D s pD. Since J M s MJ D , we have0
r e  .e w x y1 r eJ M s MJ D s Mp s p M, similar to R, 39.18 . Therefore N s p J
is an H-bisubmodule in Q such that NM s M and NJ s JN. Hence
i i i Ä  . .  .  .N J H M s J H NM s J H M for 1 F i - r. Since H is a chain ring
in B associated with the chain0
rÄ ÄM ) J M ) ??? ) J M s 0,
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w x  .we must have N : H, by R, 39.7 . Therefore N q J rJ is an ideal of the
semisimple Artinian ring H s HrJ. If it is a proper ideal then there exists
2a g H such that a s a / 0 and a annihilates the ideal. But since V is
wHenselian, we may assume a is an idempotent by a result of Azumaya Az,
x i iq1Theorem 24 . We have aN : J and therefore aJ M : J M for 1 F i F r
w xy 1 and so a g J, by R, 39.7 . This is a contradiction since J, being the
Jacobson radical of H, contains no nonzero idempotents of H. So N q J
s H and hence H s N, by the Nakayama]Azumaya lemma. So p H s
 .  . r eJ V H s J H .
Finally, let A be a subring of B containing H so A is a semiheredi-0 0
w x.tary V-order, by M , Lemma 4.10 . Since A contains all the standard2
 .idempotents as well, A is of S H type, and one can write A s D ini j
w x  .accordance with K, Definition 2.1 . Clearly, D s D for i G j and J D :i j
 . XD : D otherwise. Fix i - j. Suppose D s J D . Then for j ) j andi j i j
X  .X X X X Xi - i we have D s D s D. Therefore D s D D : D s J D andj j i i i j i j j j i j
 .  .  .X X X X Xso D s J D . Similarly, D s D D : D s J D . Hence D s J D .i j i j i i i j i j i j
 4Hence A determines a unique ordered set of positive integers m , . . . , m ,1 r
with sum n, such that
 4m , . . . , m1 r
D J D J D ??? J D .  .  .  . .  .  .
D D J D ??? J D .  .  .  . .  .A s .
??? ??? ??? ??? ??? 0
D D D ??? D .  .  .  .
Conversely, any such set of positive integers gives rise to a semihereditary
V-order inside B and containing H . Thus there are 2 ny1 such orders: let0 0
r
P s m , m , . . . , m m G 1, m s n , 1 F r F n . . n 1 2 r i i 5
is1
Then
P s m , m , . . . , m , 1 m , m , . . . , m g P 4 .  .nq1 1 2 r 1 2 r n
Çj m , m , . . . , m q 1 m , m , . . . , m g P 4 .  .1 2 r 1 2 r n
< < < < < <and thus P s 2 P . Since P s 1, the claim follows by induction onnq1 n 1
 4n. This fact shows that distinct subsets of B , . . . , B which contain B0 ny1 0
form distinct semihereditary V-orders upon intersection.
We shall keep the above notation.
 4PROPOSITION 2.4. H uniquely determines the ordered r-tuple n , . . . , n1 r
of in¨ariants relati¨ e to B .0
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Proof. Instead of M, choose N inside Q as another progenerator of
 .  .  .M the category of B -D-modules such that B s O N ( End N .B D 0 0 l D0 w xBy R, Theorem 16.14 , we may assume that N s MI, I a two sided ideal
of D. So
I 0 ??? 0
. . . .. . . .N s .. . . . 0I 0 ??? 0
Since N is a finitely generated right D-module, I must be a finitely
generated right ideal of D and hence principal since D is a valuation ring.
Let I s Da s aD, a g D. So N s Ma and hence
 .n
N s NrJ B N s NrNJ D ( D ( M . .  .  .0
iy1 i iy1 iÄ Ä Ä Ä .  .Therefore dim J NrJ N s dim J MrJ M for every i and henceD D
we get the same r-tuple.
 4  .For this reason, we will call the r-tuple n , . . . , n resp. r the set of1 r
 .invariants resp. the length of H relative to B .0
We now drop the assumption that V is Henselian and only assume that
 .J V is principal and B is an integral Dubrovin valuation ring in Q (0
 . wM D extending V. Let N be the matrix size of Q . Then by W, Theoremn h
x  .F , N s matrix size of B and B is an integral Dubrovin valuation ring0 0 h
of Q extending V .h h
THEOREM 2.5. Let H be a semihereditary V-order inside B . Then there0
 4exists integers n , . . . , n with sum N, and a minimal semihereditary V-order1 r
H inside H such that:0
 .  .1 J H s rH s H r, a principal ideal.0 0 0
 .  . N  . 2 N is the least positi¨ e integer such that J H : J B or equi¨ a-0 0
N  .. Xlently, r g J B . Con¨ersely, if H is any semihereditary V-order inside H0 0
 X . N  . Xsuch that N is the least positi¨ e integer satisfying J H : J B , then H is0 0 0
minimal.
 . t yt3 B s r B r , 0 F t - N, are all the distinct maximal V-orderst 0
 .necessarily integral Dubro¨in o¨errings of H .0
 .4 B s B for all t G 0.t tqN
 . Ny15 H s F B .0 ts0 t
 .6 H s B l B l ??? l B .0 n n qn q? ? ?qn1 1 2 ry1
 .  .  .N  . r e  .7 J B s J H B and J H s J V H, where e is the least posi-0 0 0
 .e  .ti¨ e integer such that J B s J V B .0 0
 . Ny18 There are 2 semihereditary V-orders inside B containing H . In0 0
particular, H determines a unique set of maximal V-orders that intersect to
produce it.
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 . w xProof. 1 By K, Theorems 3.4 , there exists a semihereditary V-order
inside H, say H , whose Henselization is a minimal semihereditary V -order0 h
 .in B with the properties of Theorem 2.3.0 h
By Lemma 1.5,
2 2J H m V rJ H m V ( J H rJ H .  .  .  .0 V h 0 V h 0 0
w x  .as right H -modules. Thus by K, Lemma 3.1 and Theorem 2.3 1 ,0
 .  .2  .J H rJ H is a cyclic H -module. But J H is finitely generated over0 0 0 0
 .H , by Lemma 1.4. Therefore J H s rH , a principal right ideal of H ,0 0 0 0
 . Xby the Nakayama]Azumaya lemma. Similarly, J H s H r .0 0
X  .We note that both r and r are regular elements, since J H contains0
 . XJ V . There exists b g H such that r s br . Hence0
J H s rH s brXH : bJ H : J H . .  .  .0 0 0 0 0
X  .  . X XSo H r s J H s bJ H s bH r and therefore H s bH , since r is0 0 0 0 0 0
 . X Xregular. So b g U H and hence H r s H br s H r s rH and thus0 0 0 0 0
 .  .  .  .J H s rH s H r. Since J H m V s J H m V s r H m V ,0 0 0 0 V h 0 V h 0 V h
 .  .we will regard r, a generator of J H , as the generator of J H m V0 0 V h
when we apply Theorem 2.3 below.
 .  . N  . N  .2 Since J H : J H m V : J B m V ,0 0 V h 0 V h
J H N : J H m V N l Q : J B m V l Q s J B .  .  .  .0 0 V h 0 V h 0
w x wby K, Lemma 3.1 . The other assertions follow from Theorem 2.3 and K,
xTheorem 3.4 and the fact that m V is faithfully flat.V h
 .3 Since rH s H r and r is regular in Q and hence an element0 0
 .of U Q , we have
H s r tH ryt : r tB ryt s B0 0 0 t
for 1 F t - N.
Let B be any maximal V-order containing H . Then B is a semiheredi-0
w xtary V-order as well, by M , Lemma 4.10 . Hence B is a semihereditary2
 .maximal V-order and since J V is principal, B is a semihereditaryh
w x  .maximal V -order, by K, Proposition 3.5 . But B contains H . So byh h 0 h
w xTheorem 2.3, B s B m V for some i, 0 F i - N. By K, Lemma 3.1 , weh i V h
have
B s B m V l Q s B m V l Q s B . .  .V h i V h i
 .  . N  . yN  N yN .4 B s B l Q s r B r l Q s r B r m V l0 0 h 0 h 0 V h
Q s r NB ryN.0
 .  . w Ny1 . x Ny1w . x5 H s H l Q s F B l Q s F B l Q s0 0 h ts0 t h ts0 t h
F Ny1B .ts0 t
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 .  46 Let n , . . . , n be the invariants of H . Then1 r h
H s H l Q s B l B l ??? F B l Q .  .  .h 0 n n q? ? ?qnh 1 1 ry1h h
s B l Q l B l Q l ??? l B l Q .  .  .0 n n q? ? ?qnh 1 1 ry1h h
s B l B l ??? l B .0 n n q? ? ?qn1 1 ry1
 .  . N  . .N  . .  . N  . .7 Since J H : J H : J B , J H : J B l Q s0 0 h 0 h 0 0 h
 .  . N  .  . N  .J B and hence J H B : J B . But J H B m V s J B m V .0 0 0 0 0 0 V h 0 V h
 . N  .Therefore J H B s J B , since m V is faithfully flat.0 0 0 V h
We have
r e r e
J H : J H s J V H .  .  .h h h
 .  .by Theorem 2.3 and Proposition 2.2. Let J V s p V. Then J V H sh h
 .J V H s p H . Thereforeh h
r e
J H : p H l Q s p H l Q s p H . .  .  .h h
 . r e  . r e  .  . r e  .But J H m V s J H s p H m V . Hence J H s J V H.V h h V h
 . w x8 This follows from Theorem 2.3 and K, Theorem 3.4 .
 4  .The r-tuple n , . . . , n resp. r will also be called the set of invariants1 r
 .resp. the length of H relative to B .0
3. THE GENERAL CASE
In this section, we will assume that H is a semihereditary V-order inside
 .a Bezout V-order B and J V is a principal ideal of V unless otherwiseÂ 0
mentioned.
PROPOSITION 3.1. Let A be a maximal V-order containing H. Then A is a
Bezout V-order.Â
w x w xProof. We will use induction on Q : F . When Q : F s 1, this is
trivial. When B is an integral Dubrovin valuation ring, then it follows0
from Theorem 2.5.
Otherwise by Proposition 1.3, there exists an integral Dubrovin valua-
 .  .tion ring T with center W p V such that J T : J B : H : B m T and0 0
w  .x w xT : Z T - Q : F .
We have T s HW : AW. But T is a maximal W-order since it is an
integral Dubrovin valuation ring extending W. Since AW is a W-order
containing T , we must have T s AW and hence A : T. We also notice
Ä . w x  .that J T : H : A. Hence by M , Lemma 2.5 , A s ArJ T is a maximal2
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Ä Ä Ä Ä Ä Ä .  .  .V-order in T , where V s VrJ W . Further, Z H : Z A , since H : A
Ä .  .are orders in T. But Z H is a Prufer ring hence integrally closed byÈ
Ä Ä Ä .  .  .Proposition 1.3 and Z A is integral over Z H actually integral over V ,
Ä Ä Ä .  .  .so Z B s Z H s Z A by the same proposition.0
Ä Ä  ..  .Fix M g m-spec Z H . Let C be a maximal Z H -order containingM
Ä Ä .A . Then C is a Bezout Z H -order, by the induction hypothesis. SinceÂM M
Ä Ä Ä Ä .  .  .A is a semihereditary Z H -order, J C : A . Let L s J C l A.M M M
Ä Ä .  .Then L is a two sided ideal of A, contains J V , L s J C , and byM
ÄLemma 1.4, L is a finitely generated right ideal of A.
Ä Ä . w  .x  .Clearly, O L = A. But by K, Corollary 1.3 a with K s W, U s V ,l
Ä Ä Ä .  .O L is integral over V. Hence O L s A, by maximality of A. Hencel l
Ä Ä .A s O L . But L is a finitely generated right ideal of A. HenceM l M
Ä .  .   ..  .O L s O L s O J C . Since C is a semihereditary Z H -order,l M l M l M
Ä  ..O J C s C and hence A is a Bezout order for every M g m-Âl M
Ä Ä  .. w xspec Z A . This shows that A is a Prufer ring, by M , Lemma 2.3 . ButÈ 3
Ä Ä Ä Ä Ä .A s F A and each A is a Bezout Z A -order. Therefore A sÂM M M M
w x  4F R , R Dubrovin valuation rings of T. By M , Theorem 1.9 , the Ri i 3 i
 <  . 4 w xhave IP. Let R s t g T t q J T g R . Then by BG, Lemma 3.2 , R isi i i
 4  4 wa Dubrovin valuation ring of Q. Since the R have IP, so do R , by G ,i i 2
xProposition 6.3 . Hence A s F R is a V-order which is an intersection ofi
wDubrovin valuation rings with IP and hence is a Bezout V-order, by M ,Â 2
xTheorem 3.4 .
PROPOSITION 3.2. The ring H is an intersection of finitely many BezoutÂ
V-orders.
w x w xProof. We proceed by induction on Q : F , the case Q : F s 1 being
trivial. If B is an integral Dubrovin valuation ring, then the result follows0
Ä  ..from Theorem 2.5. Otherwise as before, let M g m-spec Z H .
Ä  M .Then by the induction hypothesis, H s F B , where for eachM i i
 M . Ä  M . Ä 4  .   . .M , B are finitely many Bezout Z H -orders we set B s B .Âi M 0 0 M
 M .  M . Ä Ä .As in Proposition 3.1, L s J B l H is a two sided ideal of Hi i
Ä  M . .  .which is finitely generated as a right ideal, contains J V , and L si M
 M .  M . Ä Ä  M . .  .J B . So O L is a V-order containing H. Let R be a maxi-i l i i
Ä  M . Ä  M . .  .  .mal V-order containing O L . Then Z H s Z R , as in Proposi-l i i
tion 3.1.
We have
R  M . = O L  M . s O L  M . s O J B M . s B M . . .  .  .  . .  .i l i l i l i iM M M
 M . Ä  M .  M . .  .But B is a Bezout Z H -order, hence maximal. So R s B .Âi M i M i
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M  <  .  M .4 w x MLet R s t g T t q J T g R . Then by M , Lemma 2.5 , R is ai i 2 i
 . MV-order. It obviously contains H and hence J T : H : R and T si
R M W. By the same lemma, R M is a maximal V-order since R  M . is ai i i
Ä Mmaximal V-order. So Proposition 3.1 shows R is a Bezout V-order. WeÂi
have
Ä  M .  M .  M . Ä ÄH : F F R : F F R s F F B s F H s H . .M i i M i i M i i M MM
Ä  M . MSo H s F F R and hence H s F F R , a finite intersection ofM i i M i i
Bezout V-orders.Â
PROPOSITION 3.3. There are only finitely many Bezout V-orders containingÂ
H and H is the intersection of all of them.
Proof. By Proposition 3.2 above, H is the intersection of BezoutÂ
w xV-orders containing it. We want to prove by induction on Q : F that there
are only finitely many of them.
w xThe case Q : F s 1 is trivial. The case B an integral Dubrovin0
valuation ring follows from Theorem 2.5. Otherwise by Proposition 1.3
there exists an integral valuation ring T with center W p V such that
w  .x w xB : T and T : Z T - Q : F .0
 4Let B be all the Bezout V-orders containing H. Then as in Proposi-Âi
Ä Ä .  .  .tion 3.1, B : T , J T : B , WB s T , and Z B s Z H for each i. Byi i i i
Ä Ä . 4   ..induction hypothesis, the set B is finite for every M g m-spec Z H .i M
Ä .But Z H is a semi-local Prufer ring. Hence there exist finitely manyÈ
indices i , i , . . . , i such that for all but finitely many i we either have1 2 s
Ä Ä Ä Ä Ä .  .   ..  .  .B s B for all M g m-spec Z H or B s B for all M gi M i M i M i M1 2
Ä Ä Ä Ä  ..  .  .   ..m-spec Z H or . . . or B s B for all M g m-spec Z H . Hencei M i Ms
Ä Ä Ä Ä 4  4for all but finitely many i, we have B g B , B , . . . , B . Therefore Bi i i i i1 2 s
 4and hence the set B is finite.i
 .We now drop the assumption that J V is principal.
PROPOSITION 3.4. Let H be any extremal V-order not necessarily inside a
.  .   . .Bezout V-order . Suppose J V is not a principal ideal of V. Then O J V HÂ l
is the unique maximal V-order containing H.
Proof. Let B be a maximal V-order containing H. Since H is extremal,
 .  . w xJ B : J H , by K, Proposition 1.4 . So we have
J V H : J V B : J B : J H . .  .  .  .
 . t  .But there exists a positive integer t such that J H : J V H. Since
 .  .2  .J V is not principal, J V s J V , and hence we have
t t tJ V H s J V H : J V B : J H : J V H . .  .  .  .  . .  .
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 .   . . t   . .Hence J V H s J V B , a two sided ideal of B. So O J V H = B.l
  . . w  .xBut O J V H is a V-order, by K, Corollary 1.3 b . Hence B sl
  . .O J V H , since B is a maximal V-order.l
The following theorem summarizes the results of this paper:
THEOREM 3.5. Let H be a semihereditary V-order inside a Bezout V-orderÂ
B . Then:0
 .1 There are only finitely many maximal V-orders containing H. Any
such maximal V-order is a Bezout V-order.Â
 .  .2 If J V is principal, then H is the intersection of all the BezoutÂ
V-orders that contain it.
 .  .3 If J V is not principal, then B is the unique maximal V-order0
  . .containing H and B s O J V H . So unless H s B , H cannot be written0 l 0
as an intersection of maximal V-orders.
 .  .Proof. 1 This follows from Propositions 3.1 and 3.3 when J V is
principal, and Proposition 3.4 otherwise.
 .2 This is just Proposition 3.3.
 .3 This follows immediately from Proposition 3.4.
 .  .The author believes that a for any semihereditary V-order H, if J V
is principal, then H can be written as a finite intersection of maximal
 .necessarily semihereditary V-orders. All such maximal V-orders are con-
 .jugate. b There might be cases when H can be written as an intersection
of maximal V-orders in more than one way, even inside Bezout V-orders.Â
This is not so when H is inside integral Dubrovin valuation rings, as we
saw in Theorem 2.5.
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